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ABSTRACT 

The fo l lowing  are p r i n c i p a l  conclusions from a 
s t a t i s t i c a l  a n a l y s i s  of J-2 engine dynamic g a i n  tests per- 
formed a t  

1. 

2 .  

3 .  

4 .  

H u n t s v i l l e  and Rocketdyne f a c i l i t i e s .  

The  H u n t s v i l l e  tests show poor r e p e a t a b i l i t y .  

The Rocketdyne d a t a  r ep resen t s  a d i f f e r e n t  
s t a t i s t i c a l  popula t ion  t h a n  t h e  H u n t s v i l l e  d a t a .  

The scat ter  i n  t h e  da t a  for  t h e  t w o  f a c i l i t i e s  
i s  about  t h e  same. 

I t  i s  no t  s t a t i s t i c a l l y  va l id  t o  s ta te  t h a t  t h e  
scatter a t  low f requencies  i s  less than  a t  h igh  
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MEMORANDUM FOR FILE 

This  no te  p r e s e n t s  a s t a t i s t i c a l  a n a l y s i s  o f  5-2 
engine d a t a  from dynamic g a i n  t e s t s  performed a t  H u n t s v i l l e  
( H )  and Rocketdyne ( R )  t e s t  f ac i l i t i e s ,  as r epor t ed  i n  t h e  
Rocketdyne l e t t e r  r e p o r t  70RC10500*. The i n v e s t i g a t i o n  i s  
i n  response t o  q u e r i e s  concerning (a)  t h e  compa tab i l i t y  of 
t h e  H and R d a t a ,  and (b )  whether t h e  sca t te r  a t  low fre-  
quencies  i s  s i g n i f i c a n t l y  smal le r  t han  a t  high f r equenc ie s  
(11 Hz i s  of i n t e r e s t  f o r  P O G O ) .  The g a i n  d a t a  r e p r e s e n t s  
t h e  r a t i o  of chamber p r e s s u r e  t o  s u c t i o n  p r e s s u r e  r e s u l t i n g  
from p u l s i n g  t h e  i n l e t  p re s su re .  Phase s h i f t  d a t a  i s  a l s o  
a v a i l a b l e  b u t  w i l l  no t  be considered here**. 

Data 

F igures  1 - 1 0 ,  reproduced from t h e  Rocketdyne 
l e t t e r ,  p l o t  g a i n  vs .  frequency f o r  d i f f e r e n t  mix ture  
r a t i o s  and NPSH values .  Ind iv idua l  r e g r e s s i o n s  f o r  Hunts- 
v i l l e  and Rocketdyne have been sketched i n  f reehand,  
Q u a l i t a t i v e l y ,  t h e  shapes of  the  r e g r e s s i o n s  are extremely 
d i v e r s e ,  and t h e  magnitudes of  the R and H g a i n s  q u i t e  d i f -  
f e r e n t .  (See l as t  t w o  columns of Table 1.) More s p e c i f i c a l l y ,  

1. Overa l l  l e v e l s  of  gain d i f f e r  s i g n i f i c a n t l y  f o r  
R and H. I n  seven runs R has  c o n s i s t e n t l y  l a r g e r  
va lues  than  H;  i n  run 7 ,  R i s  less; whi le  i n  runs  
5 and 9 ,  wi th  markedly d i f f e r e n t  H and R r eg res -  
s i o n s ,  t h e r e  i s  some overlapping. 

2. The R. r e g r e s s i o n  tends t o  be cons t an t  o r . i n c r e a s i n g  
wi th  frequency--only for runs  5 and 7 does a d e f i n i t e  
decrease  appear,  All H runs decrease  w i t h  frequency 
( run  8 is  U-shaped). 

*"J-2 Engine Trans fe r  Funct ions" ,  by E. W. Larson, 30 September 1970 .  

**Cursory examination i n d i e a t e s  t h a t  t h e  phase d a t a  i s  cons iderably  
b e t t e r  behaved than  t h e  g a i n  data.  



BELLCOMM, INC.  - 2 -  

Summary C a l c u l a t i o n s  (Tables 1 and 2 )  

The frequency range was d iv ided  i n t o  : ive i n t e r v a l  
groupings: 1) 10-15 Hz,  2) 16-20 ,  3)  21-25, 4) 26-30, 
5) 31-35. The d a t a  w i t h i n  each i n t e r v a l  w a s  combined and 
t h e  mean and s t anda rd  d e v i a t i o n  ( s . d . )  c a l c u l a t e d ,  f o r  R and 
H s e p a r a t e l y  as w e l l  as combined. For t h e  f o u r  H runs wi th  
more than  one r e p l i c a t i o n ,  both t h e  pooled and t h e  unpooled 
r e s u l t s  a r e  shown i n  Table 1. Note t h a t  t h e  R d a t a  does n o t  
c o n t a i n  f r equenc ie s  g r e a t e r  than 25 Hz, and t h a t  none of t h e  
R tests w e r e  r e p l i c a t e d .  

A pre l iminary  examination of  t h e  extreme s . d . ' s  
prompted t h r e e  adjustments  t o  the R d a t a .  I n  run 1 a p o i n t  
showing p o s i t i v e  db. g a i n  was omit ted-- this  decreased t h e  
s . d .  from 1.82 t o  1.37.  I n  runs 5 and 7 ,  where ab rup t  changes 
i n  g a i n  occurred ,  an end p o i n t  of one  i n t e r v a l  was t r a n s f e r r e d  
t o  t h e  a d j a c e n t  i n t e r v a l .  The s . d . ' s  decreased  from 1 . 7 6  
t o  1.18 and from 2.03 t o  .46, r e spec t ive ly .  

For t h e  H d a t a  t h e  effect w a s  i n v e s t i g a t e d  of 
t r a n s f e r r i n g  i s o l a t e d  p o i n t s  ( t h e  only one i n  i t s  c l a s s i n -  
t e r v a l )  t o  t h e  a d j a c e n t  i n t e r v a l .  Of 1 4  such t x a n s f e r s  1 0  
l e d  t o  s o m e  improvement. Three t r a n s f e r s  r e s u l t e d  i n  marked 
i n c r e a s e s  i n  s .d .  S ince  t h e  l a t t e r  a f f e c t e d  t h e  t o t a l  scatter 
d i s p r o p o r t i o n a t e l y ,  it w a s  decided n o t  t o  employ t r a n s f e r s  
i n  t h e  H a n a l y s i s .  

( a f t e r  c o r r e c t i n g  f o r  i nd iv idua l  r e g r e s s i o n s )  i s  summarized 
i n  T a b l e  2 ,  which con ta ins  m o s t  o f  t h e  numerical  q u a n t i t i e s  
r e f e r r e d  t o  below. D e t a i l s  of t h i s  a n a l y s i s  are expla ined  
i n  t h e  Appendix. 

The a n a l y s i s  of var iance  f o r  a l l  1 0  tests combined 

Rep l i ca t ions  of H u n t s v i l l e  Runs (F igure  A )  

Before cons ider ing  t h e  compatabi l i ty  of t h e  H and 
R d a t a ,  it is  n a t u r a l  f i r s t  t o  i n q u i r e  about  t h e  r e p e a t a b i l i t y  
of t h e  H tests a lone .  There were t w o  runs  wi th  t h r e e  r e p l i -  
c a t i o n s  each and t w o  runs wi th  t w o  r e p l i c a t i o n s  each. F igu re  
A p l o t s  t h e  s .d .  I s ,  both i n d i v i d u a l l y  and pooled, f o r  each 
of t h e  f i v e  frequency groupings. Wol ing  of runs  1 and 6 ,  each 
wi th  two r e p l i c a t i o n s ,  does not g i v e  s i g n i f i c a n t l y  d i f f e r e n t  
r e s u l t s .  This  shows up i n  Figure A w i th  t h e  pooled s . d . ' s  
i n t e r m e d i a t e  t o  t h e  unpooled values.  I n  run  3 one of  t h e  
r e p l i c a t i o n s  had much l a r g e r  gain than  t h e  remaining two 
(see F igure  3 and Table 1). I n  F igu re  A ,  t h e  pooled s.d., 

which inc ludes  t h e  v a r i a t i o n  between means, i s  seen  t o  exceed 
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t h e  unpooled s . d . ' s .  I n  run  9 t h i s  e f f e c t  occurs  only a t  
f r equenc ie s  above 25 Hz; moreover, a t  l o w  frequency (10-15 
Hz) t h e  d a t a  comes mainly from one r e p l i c a t i o n ,  b u t  t h e  
extremely l a r g e  s c a t t e r - - t h e  s.d. of  2 w a s  t h e  l a r g e s t  of 
any run--turns o u t  t o  dominate t h e  o v e r a l l  numerical  r e s u l t s  
f o r  H. 

I n  summary, t h e  r e p r o d u c i b i l i t y  of t h e  H d a t a  i s  
n o t  good enough. A t  least  one, and poss ib ly  t w u ,  of t h e  
f o u r  r e p l i c a t e d  runs  i s  d e f i n i t e l y  f r o m  a d i f f e r e n t  I'popu- 
l a t i o n " .  This  f a c t  t ends  t o  c a s t  susp ic ion  on t h e  adequacy 
of t h e  u n r e p l i c a t e d  runs.  

V a r i a t i o n  i n  Scatter f o r  R and H Sepa ra t e ly  (Figure B) 

F igure  B p l o t s  t h e  s.d.'s vs .  frequency ( i n t e r v a l )  
The R data a t  t h e  lowest  frequency f o r  each of t h e  1 0  runs.  

has an average s.d. (weighted according t o  degrees  of f r e e -  
dom) of . 6 6  whereas t h e  t w o  high frequency i n t e r v a l s  have 
averages -.exceeding u n i t y .  Thus t h e  R data shows s i g n i f i c a n t l y  
smaller scat ter  a t  lower f requencies .  

The s . d . ' s  f o r  t h e  H da t a  are f a r  less c o n s i s t e n t  
w i t h  no d i s c e r n a b l e  t r end .  T h e  o v e r a l l  unpooled s.d. f o r  
t h e  H data has about  t h e  same magnitude as f o r  R ,  approximately 
. 9 .  Pooling t h e  r e p l i c a t e d  tests i n c r e a s e s  t h e  average H s.d. 
t o  1.3. The low frequency s.d. h a s  t h e  g r e a t e s t  va lue  (1.33 
unpooled) ,  due p r i m a r i l y  to t h e  e r r a t i c  behavior of t e s t  number 
9 no ted  above. There i s  a l s o  a n  unusua l ly  l o w  va lue  ( .52)  f o r  
t h e  25-30 Hz i n t e r v a l .  

I t  i s  be l i eved  t h a t  much of t h e  scatter i n  t h e  H data  
may be con t r ibu ted  by the  sharply decreas ing  r eg res s ion .  A 
r e f i n e d  procedure would es t imate  scat ter  assuming a l i n e a r  re- 
g r e s s i o n  for  each i n t e r v a l .  

The main p o i n t  i s  tha t  t h e  H and R data e x h i b i t  
o p p o s i t e  effects  regard ing  t h e  s c a t t e r  a t  low vs.  high f r equenc ie s .  

H and R Data Combined (Figure C )  

F igu re  C p l o t s  t h e  combined sca t te r  s.d.  fo r  each 
frequency i n t e r v a l  (up t o  2 5  Hz) when t h e  H and R d e v i a t i o n s  
are taken  about t h e  common mean. The s.d. a t  l o w  frequency 
i s  seen  t o  be less than  a t  t h e  higher  f r equenc ie s .  T h i s  
appears  t o  be somewhat a t  odds wi th  t h e  conclus ion  of t h e  
preceding  para.graph, and can be expla ined  e i ther  by t h e  f a c t  
t h a t  on ly  4 of t h e  1 0  H runs  contained 10-15 Hz d a t a ,  o r  by 
t h e  fac t  t h a t  f o r  these runs ,  t h e r e  w a s  smaller divergence 
between t h e  H and R r eg res s ions .  
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Conclusions 

S t a t i s t i c a l  tests of s i g n i f i c a n c e  bea r ing  on each 
of the fol lowing conclusions are conta ined  i n  t h e  Appendix. 

1. The r e p e a t a b i l i t y  of t h e  H tests i s  u n s a t i s f a c t o r y ,  
e s p e c i a l l y  tes t  number 3 .  The v a r i a t i o n  between means o f  
r e p l i c a t e d  runs i s  almost  t h r e e  t i m e s  what would be  expected 
from i d e n t i c a l  p rocesses .  

2. The R t e s t  data  r e p r e s e n t s  a d i f f e r e n t  popu la t ion  
from t h e  H data. T h e  r eg res s ions  d i f f e r  i n  shape as w e l l  as 
magnitude, and t h e  t r e n d  of the scatter,  as frequency i n c r e a s e s ,  
goes i n  oppos i t e  d i r e c t i o n s .  

3 .  The o v e r a l l  scat ter  fo r  R ( . 9 )  i s  approximately t h e  
same as f o r  H when r e p l i c a t e s  a re  n o t  pooled. 

4 .  For t h e  combined H and R data,  t h e  smaller scatter 
a t  l o w  f r equenc ie s  (1.3) i n  comparison wi th  h i g h e r  f r equenc ie s  
(1.5 and 1 . 9 ) ,  i s  more appaLent than real. I n  p a r t  it reflects 
t h e  f a c t  t h a t  H u n t s v i l l e  conducted r e l a t i v e l y  f e w  tests a t  
l o w  f r equenc ie s .  I n  a d d i t i o n ,  t h e  va r i ance  of t h e  combined 
d a t a  are a r t i f i c i a l l y  i n f l a t e d  a t  the  h ighe r  f r e q u e n c i e s ,  
because the  divergence between H and R r e g r e s s i o n s  i s  g r e a t e s t  
there. 

1031-PG-cp P. Gunther 



APPENDIX 

ANALYSIS OF VARIANCE 

The analysis of variance is a formal statistical 

procedure for decomposing the total sum of squares (SS). 

Let i denote facility, H or R; j the replication (rep for 

short) for H (j=l,. . . ,r) ; and k the variate (k=l,. . ,nij). 
To facilitate interpretation, each 

followed by a descriptive phrase with SS additionally sub- 

scripted by the appropriate row number in Table 2. The 

expression below is 
L 

usual subscript dot notation for mean is employed to indi- 

cate the subscripts over which the average is taken. The 

basic identity is 

2 l 2  + EXij -x l 2  + E x .  -x )2 
zXijk-x.. . ) = zXijk-xij. . i.. 1.. ... 

SS (Total R+H variation) = SS (within:H unpooled and R) + 
6 7 

SS (between H rep means) + SS5(between H and R means) 

J 
2 

Since R has only a single replicate, we have 

ss2 = Z(Xij -x ) = \ nHj(XHj. - XH.. l 2  j= . i.. 

n r Hj 
) *  

R n 

k=l z x i  j k-xi j . 
SS,(within:H unpooled +R) = SS (R) + SSl(within H reps: 4 

unpoo led) 



I n  a d d i t i o n ,  w e  have t h e  decomposition 

SS3(H pooled) = SS1(H unpooled) + SS2(between H rep .  means) 

whence 

= ssl + ss2 + ss4 + ss5 = ss3 + ss4 + ss5 
"6 

A l s o  of i n t e r e s t  i s  

P 

, * ( x i j  -x 
L . i.. 8 ) = SS (within:H pooled+R) = SS3(H pooled)  + S S 4 ( R )  

Note finally t h a t  SS5(between H and R)  i s  given by 

2 n n  R H.  
(XR --x 1 . H..  

--x ) 2 + nH . (XH -x l 2  = x h i . . - x  ... l 2  = n R (x R. ... .. ... n ~ + n ~ .  

Using t h e  va lues  i n  Table 1, t h e  above a n a l y s i s  of 

v a r i a n c e  can be r e a d i l y  c a r r i e d  o u t ,  f o r  each t e s t  cond i t ion  

and each frequency i n t e r v a l .  (When t h e r e  a r e  no m u l t i p l e  H 

r e p l i c a t i o n s ,  t h e  a n a l y s i s  s i m p l i f i e s . )  The r e s u l t s  for  t h e  

t o t a l  of  t h e  1 0  cases a r e  shown i n  Table 2. 
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The values in Table 2 can be used to perform F-ratio 

tests of significance for comparing two (independent) estimates 

of variance, assuming that the data are normally distributed. 

If v 

and denominator, respectively, F is determined by 

and v2 represent the degrees of freedom in the numerator 1 

- 
2 V 1 F v2 - v3 V 

Presented below are several such tests that relate 

to the four main conclusions of the analysis. The 

probabilities corresponding to the F-values were roughly esti- 

mated from the limited tabulated values of the F distribution 

in "Biometrika Tables for Statisticians". A small value of P 

(associated with a large value of F) denotes a significant 

difference in the two estimates of variance, i.e., the 

difference is unlikely to be the result merely of random 

sampling. When ~ = l ,  p=50% (but = 100% for 2-sided test). 

14 Significance of H reps 

2 H reps 2.61 = 8.55 - - 
HUP F25 I 145 

~<.1% -- significant 

*The verbal. description of F identifies the appropriate SS (or, 
more accurately, the mean square) listed in the first column of 
Table 2. P denotes pooled and UP unpooled. The numerical values 
of S used in 1-3 are those shown in the total column. 
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2. Significance of H vs. R means 

2 - - Between H and R = (-) = 9.29 
Hp + R 

\ P < .  1% -- significant 

Using HUP in place of H leads to even greater P 

significance. To test whether H rep differences in 1,are 

comparable to H vs R: 

2 Between H and R = 2.04 - - 
I 25 H reps i 

P-4.2% -- marginally significant 

3 .  Comparison of H vs. R scatter 

a. H unpooled 

P-80% (2-sided) -- not significant I 
b. H pooled 

2 - --+) HP 1.30 =2.0 
\F1701107 R 

p< .I% (1-sided) -- significant i 
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4.  LOW vs.  h igh  frequency sca t te r  

a. Comparison of H vs .  R a t  l o w  frequency 

2 
= 4 .02  (HUP)lO* - 

F13,41 - - ( R )  1 0  - (e) 
1 P < . 2 %  (2-sided) -- s i g n i f i c a n t  

b. Comparison of H f R 

P-2.5% -- f a i r l y  s i g n i f i c a n t  i 

( P = 3 0 %  -- n o t  s i g n i f i c a n t  

[ ~ = 1 2 0  -- n o t  s i g n i f i c a n t  

*Subsc r ip t  denotes  lower l i m i t  of  frequency i n t e r v a l  ( s )  . 
**Note t h a t  t h e  s . d .  f o r  10-15  Hz i s  g r e a t e r  t han  f o r  16-20 Hz. 
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(H+R)16+21 - (561 .67 /186)  - 1.77 I -  - - 
F1861  6 3  (H+R) - (  (1 .31 )2  

I ~ = . 5 %  -- significant 

To test whether H vs. R mean differences at low 

frequency are comparable to high frequencies: 

(Between H and R)16+21 - - - - 
1 5  F20 ,  4 (Between H and R) 

P-10% -- not significant 
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